This paper is devoted to present some results on the controllability of the hydrostatic Stokes equations. The first main result of this paper states that the approximate null controllability of this system holds. This is proved whatever the boundary conditions are. Then, we extend this result to an exact null controllability result when the boundary conditions are ∂zu = 0 (the vertical derivative of the horizontal velocity) at the bottom. (2000). Primary 35Q30; secondary 93B05.
Introduction and main results
The main purpose of this article is to study some controllability problems, either approximate controllability or exact controllability, for the three-dimensional hydrostatic Stokes equations, which is the linear problem associated to the hydrostatic Navier-Stokes equations (also called Primitive Equations).
The Primitive Equations stand for one of the most fundamental governing equations in the field of geophysical fluids, for atmospheric and oceanic flows. This system is formally derived from the 3D incompressible Navier-Stokes equations for the case of large time and horizontal spatial scales ([1, 13] ). In fact, the Primitive Equations of large scale oceanic flow results as the asymptotic limit of the Navier-Stokes model as the aspect ratio of the vertical to the horizontal length scale goes to zero ([4, 5] ). In particular, this model can describe the general circulation of the water in lakes and oceans [12] .
Control problems of fluids have extensively been studied in the last years (see, for instance, [3], [7] and [9], where the model used is the Navier-Stokes system). As an extension of this, one can also consider control problems associated to geophysical fluids. As far as we know, the controllability results we will present below are the first ones concerning geophysical fluids.
For simplicity, we take constant density, cartesian coordinates (x = (x 1 , x 2 ) in Vol. 10 (2008) Controllability of Hydrostatic Stokes Equations 403 the horizontal direction and z perpendicular to the surface z = 0) and we assume that the effects due to temperature and salinity can be decoupled from the flow dynamics.
The most distinguished feature of the Primitive Equations is that the hydrostatic balance ∂ z p = −ρg (being p the 3D pressure, ρ the density and g the gravity acceleration) replaces the momentum equation for the vertical velocity v. Since we have assumed constant density, this balance implies p(x, z, t) = p S (x, t) − ρgz, where p S is a 2D function defined in the horizontal plane (the surface pressure).
Let T > 0, let S be an open connected regular set of R 2 (the surface) and let D : S → R + be a regular function (the bottom function). We will specify the regularity of S and D below. Then, we introduce the oceanic domain
We design by Γ S the surface boundary
We will denote Σ S := Γ S × (0, T ), Σ l := Γ l × (0, T ) and Σ b := Γ b × (0, T ).
We also consider an open subset ω ⊂ Ω (the control domain) which can be assumed to be as small as desired. Let us set Q := Ω × (0, T ).
Let us denote by u = (u 1 , u 2 ) : Q → R 2 the horizontal velocity, v : Q → R the vertical velocity and p S the surface pressure. We will work with the following system:
(1.1)
Here, the term α(x 2 )u ⊥ = α(x 2 )(−u 2 , u 1 ) is the Coriolis force which represents the influence of the rotation of the earth (for more details on the obtention of this term from the Navier-Stokes equations when the aspect ratio tends to zero, see [4] ) and h stands for the control function. Observe also that the differential operators are taken with respect to the x-variables (the differentiation with respect
